The present paper represents an attempt for a very generic string inspired theory of gravitation, based on a stringy action in the teleparallel gravity which includes a specific functional which depends on the scalar field and its kinetic energy, as well as the torsion and boundary terms, embedding also possible effects from the teleparallel Gauss-Bonnet invariants. After we deduce the field equations for the associated generic theory of gravitation, we focus on string inspired couplings which are studied by considering different analytical techniques. The first analytical technique is based on the linear stability theory, by introducing proper dimensionless variables which enables us to study the structure of the phase space and the associated physical effects. In this case we have obtained different cosmological solutions which corresponds to matter and dark energy dominated solutions, achieving a possible transition between matter and dark energy dominated epochs. For each type of cosmological solutions we have discussed the corresponding physical features, attaining viable constraints for the coupling constants due to dynamical effects. The dynamical study of the physical features included also a numerical analysis by fine-tuning the initial conditions deep into the matter era, obtaining possible trajectories for the effective equation of state for specific coupling functions.
I. INTRODUCTION
It is rather well-known that modern theory of the universe evolution includes two accelerating epochs: the earlytime acceleration and late dark energy epoch. Standard General Relativity (GR) seems to have problems for natural account of the acceleration eras of the universe evolution. The account of cosmological constant may improve the situation and may give the chance to describe the accelerating universe. However, it brings also number of problems like fine-tuning, disagreement with some observational data, etc. Another approach for natural description of the accelerating universe is modification of gravity. In fact, different models of modified gravity have been studied recently (for reviews, see [1] [2] [3] ). One of the natural candidates for modified gravity is related with string theory. Indeed, it is well-known that higher-order curvature corrections to gravitational action are given by low-energy (super)string effective action [4] [5] [6] [7] [8] [9] [10] [11] [12] . The leading order correction in the string low-energy effective action is given by the Gauss-Bonnet invariant which enjoys several remarkable features like being topological invariant in four dimensions. The next-to-leading terms which are of third or fourth order in curvature invariants depend on the type of string theory under consideration as well as specific compactification scheme.
The higher-order curvature corrections also are coupled to scalars (dilaton/modulus) fields [13, 14] . These scalar
It is important to mention that in flat FLRW cosmology, B G = 0, and thenG coincides with T G . Therefore, in this specific case, the modified corrections coming from the Gauss-Bonnet inclusions are identical. In [44] , a theory where all the possible T Gi terms were studied. Our formulation relies on unify the ideas underlying [43] and [44] to then have a theory depending on a function f with all the 5 Teleparallel Gauss-Bonnet invariants.
Teleparallel gravity gives rather rich and realistic description of the current universe evolution. This can be also seen in the case where one includes a scalar field in the action. For example, in [45, 46] , the authors found a Teleparallel theory containing non-minimally couplings between a scalar field and both the scalar torsion T and the boundary term B, finding that this theory contains the standard non-minimally coupled theories based on the curvature [47, 48] . This was further generalised to quintom models [49] , non-local models [50, 51] and specific scalar tensor scenarios [52] [53] [54] , finding again that Teleparallel theories are broader than standard modified theories. Recently, a Teleparallel Horndeski theory was derived which can be written as standard Horndeski plus a correction depending on torsion [55] . It is interesting to mention that in [56] , the authors found that, Teleparallal Horndeski can revive the Horndeski terms that were ruled out from gravitational waves observations. It was then concluded that it TG has the possibility of constructing broader theories than the standard modified theories by using the corresponding boundary terms connecting both frameworks.
Having in mind the fact that string theory is considered to be the candidate for fundamental theory one can assume that it should exist a Teleparallel formulation of string theory. In order to check this conjecture at the qualitative level as the first step one can work out with a string effective action in order to show that it maybe re-written equivalently as Teleparallel string effective action. This work is devoted precisely to the development of a Teleparallel string action and Teleparallel string cosmology. Unlike to theories based on the Levi-Civita connection and curvature, in TG, there are five Teleparallel analogs of the Gauss-Bonnet invariant. One expects that for each third and higher-order order topological invariant, in curvature based theories of gravity, there maybe even more teleparallel analogs. We show that string effective action up to Gauss-Bonnet term maybe re-written as the equivalent teleparallel string action. However, since one has more possible terms in TG, our action which would corresponds to the first order correction of a string effective action is more general than the standard curvature based string inspired gravitational theory. Furthermore, for a specific case in our theory, we recover the case studied in [15] . We also outline how such equivalence maybe extended to include higher-order curvature terms. Due to the fact that already at the level of second order curvature invariant we get 5 analogs of GB invariant in TG, we can formulate rather large class of string-inspired teleparallel gravitatinal theories. This work is devoted to the study the cosmology in such string-inspired teleparallel gravity.
In Sec. II we first briefly introduce Teleparallel gravity and then we propose our theory. After this, we present the modified Friemdann equations in a flat FLRW spacetime. Sec. III is devoted to studying cosmology of our model using dynamical system analysis, analyzing the physical properties of our model for the string-inspired couplings.
In Sec. IV we study different models using numerical techniques. We conclude our results in V and comment about possible routes on how to continue the direction of a feasible string theory in the context of Teleparallel gravity. Throughout this paper, we use the geometric units where c = 1 and the metric signature is (+ − −−), and Latin indices indicate tangents space coordinates whereas Greek indices correspond to spacetime coordinates. Quantities denoted with a overcircle • denote that they are computed with the Levi-Civita connection.
II. STRING-INSPIRED TELEPARALLEL GRAVITY AND FLRW COSMOLOGY
Teleparallel gravity is a gravitational theory which assumes a manifold with vanishing curvature but non-zero torsion. The connection in this framework is the so-called Weitzenböck connection. The main ingredient for them are the tetrads e a µ whose at each point of the general manifold, gives us basis for vectors on the tangent space. The metric can be reconstructed via g µν = η ab e a µ e b ν . The torsion tensor depends on both the tetrads and the spin connection w a bµ via
where Γ a µν is the Weitzenböck connection given by
It is then possible to formulate a theory based on the torsion tensor by considering the following contraction:
which is known as the torsion scalar, that is invariant under both diffemorphisms and under local Lorentz transformations [57] , which has the following action
where e = √ −g = det(e a µ ). Since the curvature is zero, it can be shown that the torsion scalar T and the Ricci scalar R computed with the Levi-Civita connection, are connected via
From the above equation, one notices that these quantities differ via a boundary term B, hence, the action 4 give rise to the same equations as the Einstein-Hilbert action, i.e., the Einstein's field equations. This theory is denoted as the Teleparallel equivalent of General Relativity (TEGR). However, when one modifies the above action, one would get different theories that theories from curvature-based theories. A simple example is to consider the case where we replace T in the action 4 for an arbitrary function f (T ) [28] . This theory is different to modifying the Einstein-Hilbert action to an arbitrary function, which is the so-called f (R) gravity. For the reader interested, see the comprehensive review about TEGR and some of its modifications [27, 58] . It is important to remark that when one considers modifications of TEGR, one needs to either work with a non-zero spin connection [57] or in a gauge where the spin connection is zero but work in a pure tetrad formalism where the tetrad chosen must be consistent with a zero spin connection, which are known as good tetrads [59] .
The theory that we are proposing is given by the following action
where φ is a scalar field, X = (1/2) ∂ µ φ∂ µ φ is the kinetic term with being a constant that corresponds to either canonical or phantom scalar field, T is the scalar torsion, B the boundary term, and the other scalars are related to the Teleparallel Gauss-Bonnet invariants that are defined as:
where K a i e is the contortion tensor. The standard Gauss-Bonnet term is related to the Teleparallel ones as:
The above action contains several theories of gravity in both the Teleparallel framework and curvature-based modified gravitational theories, such as f (R, φ, X) [60] by setting f = f (−T + B, φ, X), or modified Gauss-Bonnet f (R,G) [61] by
Obviously, this theory is also a generalisation of the Teleparallel Gauss-Bonnet theory with B G studied in [43, 62] . One can find the field equations for this theory by taking variations with respect to the tetrad field. Since our action depends on many variables, the final expression of these equations are quite long and cumbersome, so that, we will not write them here explicitly. The easiest way to find them out is to use the expressions computed in [43] , where the field equations of f (T, B, T G , B G ) were found. In our case, the action depends on all the possible Teleparallel Gauss-Bonnet invariants, so that, the field equations would be slightly different to the ones reported in [43] . However, it is not difficult to obtain them since in the appendix of [43] , the authors also found the variations of each quantity δT Gi and δB G in a separate way. Since we are interested in studying cosmology, it is easier to work out using the minisuperspace of flat FLRW cosmology constructed from the point-like Lagrangian instead of working directly with the field equations. It is well-known that it is equivalent to compute the equations from the field equations and then assume FLRW cosmology, or to compute the FLRW equations from the point-like Lagrangian. Moreover, this procedure commutes for any spherically symmetric space-time. When one considers other spacetimes with less symmetries, this procedure is no longer equivalent. Therefore, we will not write down the field equations of our theory here.
The scalar field equations is much easier and simpler to write, which can be find by taking variations with respect to the scalar field, yielding the following modified Klein-Gordon equation,
where subscripts denote derivatives. It is easy to check that the field equation satisfies the standard conservation equation ∇ µ H µν = κ 2 ∇ µ Θ µν = 0, since matter is minimally coupled to the gravitational sector. Let us consider flat FLRW cosmology in Cartesian coordinates given by the line element ds 2 = dt 2 − a(t) 2 (dx 2 + dy 2 + dz 2 ). The diagonal tetrad e a µ = diag(1, a(t), a(t), a(t)) reproduces the FLRW metric and it is a good tetrad in the sense that the antisymmetric part of the field equations is zero. For this space-time, we have
Here, H =ȧ/a is the Hubble parameter and dots denote differentiation with respect to time. Clearly,
Then, for the general model, the modified FLRW equations read
where dots denote differentiation with respect to the cosmic time and again, subscripts denote differentiation. It is easy to see that the theory studied in [44] is contained in the above equations. The modified Klein Gordon equation (13) becomesφ
These cosmological equations are quite general. For example, we can construct the standard modified Gauss-Bonnet theory by taking f = f (−T + B, T G3 + T G4 ) = f (R,G) [63] . Motivated by non-minimal theories between the scalar field and the gravitational sector, we will concentrate our study in the following form of the function f :
The theory F 3 = F 4 = 0 was studied in [45] with F 1 = ξφ 2 and F 2 = χφ 2 and then generalised for any F 1 and F 2 in [46] . The latter theory is also connected to the Teleparallel dark energy [64, 65] . Furthermore, the scalar Gauss-Bonnet theory with a coupling f (φ)G studied in [61] can be recovered by setting F 1 = F 2 = 0 and F 3 = F 4 = f (φ). By replacing (18) and (28) into the modified FLRW equations (15)-(16) we obtain
where primes denotes differentiation with respect to the scalar field. For this model, the modified Klein-Gordon equation (17) yields
We can rewrite the modified FLRW equations as follows
where we have defined the energy density and pressure for the modifications of General Relativity as
Then, one can define the effective equation of state parameter as
where we have also assumed a barotropic equation of state for the matter p = ωρ. The continuity equation for the matter fluid is given by,ρ
Inspired by string theory we will also assume that all the functions are given by
where α is the string expansion and c i and φ 0 are constants. For the specific case where c 1 = c 2 = 0 and c 3 = c 4 = c, we recover the leading string expansion term L c = cαe φ/φ0G that was studied in [15] .
III. DYNAMICAL SYSTEM ANALYSIS FOR STRING-INSPIRED TELEPARALLEL COSMOLOGY
In this section we will analyse the model described by (15)-(16) with the coupling functions being exponential-type. For a comprehensive review about dynamical systems in cosmology, see [66] . Similarly as in [45] , let us introduce the following dimensionless variables
By using these dimensionless variables and setting κ = 1 for simplicity, the first Friedmann equation (15) becomes
which reduces the dimensionality of the dynamical system from five to four. For simplicity we will assume an exponential potential such that
where λ is a constant. The dimensionless variables (29) can be related to the modified scalar field Gauss-Bonnet case studied in [61] . To recover this case, the coupling functions must be F 1 = F 2 = 0 and F 3 = F 4 = 2f (φ) and the parameters λ = 2/φ 0 and φ 0 =φ 0 /2, whereφ 0 is the quantity introduced in [61] . Furthermore, the dynamical system studied in that paper introduced the dimensionless variables
Our dimensionless variables are related to the above by the following relationships,
whereas, in the latter paper ρ = 0, so that σ = 0. It should be noted that for this special case, in our dimensionless variables, it is easier to introduce another variable V = v 2 z, since only that combination appears. For the general case, the dimensionless variables chosen in [61] are not the best option to choose since as it can be seen from (30), when c 1 , c 2 = 0 (F 1 , F 2 = 0), there is an extra term where only z appears which is not multiplied by v 2 . Now, let us study the general case. By introducing N = log(a), we can write the dynamical system of the model as follows
where for simplicity we have defined the quantity
(38) The effective state parameter defined in (26) in our dimensionless variables (29) becomes
Furthermore, we can introduce the corresponding deceleration
and the statefinder parameters {r, s} [67, 68] :
The expression for the quantity Ḣ H 2 can be obtained from the relation for the effective state parameter, considering
The dynamical system (34)-(37) has 26 critical points, but only 14 are physical in the sense that ensures the conditions v ≥ 0 and y ≥ 0 which means that we will assume that H ≥ 0 (expanding universes) and V ≥ 0. Table I shows all the physical critical points. We have further assumed that α = 0 and λ = 0, for the study. Cr.P. Eigenvalues In what follows we shall discuss the phase space structure and the physical features of the corresponding critical points, as well as the dynamical effects due to the stability criteria. In the case of exponential potential energy and string inspired couplings the structure of the phase space consists of four classes of critical points. The general features of the obtained critical points are described in Tables I-III , where we have introduced the location in the phase space structure, the corresponding existence conditions and the dynamical properties of the solutions due to the specific expression of the obtained eigenvalues. Note that the eigenvalues for the non-hyperbolic critical points P 6,7,8 denoted as Γ, ∆, Θ have complicated expressions and are not displayed in the manuscript. For these specific solutions the dynamical analysis relies on numerical evaluations of the resulting eigenvalues. The analysis showed that the structure of the phase space is composed by four classes of critical points, corresponding to different cosmological solutions. From the definition of the dimension-less variables the auxiliary variable x is related to the kinetic energy of the scalar field as quintessence or phantom, respectively, y the value of the potential energy, while z and v encodes the effects of the specific value of the scalar field φ. We note that in the case of a zero kinetic energy the scalar field is frozen to a specific value, without a dynamical evolution. The first critical point represents the origin of the phase space, corresponding to a matter dominated epoch, which is always a saddle cosmological solution. This solution corresponds to the first class of critical points, where the effective equation of state is describing a matter epoch. We note that in the structure of the phase space there are three critical points which belongs to the matter epoch, P 1 , P 3 , P 5 . For the first critical point P 1 the solution corresponds to a matter dominated era, while for the remaining points P 3,5 the value of the matter density parameter is sensitive to the potential energy strength and the sign of the kinetic energy. All of these critical points represent possible solutions which can describe the matter dominated epoch of the Universe in the recent past. The second class of cosmological solutions are corresponding to a stiff-fluid dynamics, which appears in the case of P 2± critical points. This solution is not of great interest for modern cosmology and cannot represent a stable solution, which can be noted from the results of the dynamical analysis in Table II . The third class of cosmological solutions is associated to a de-Sitter epoch which appears for the P 6,7,8 critical points, an era where the dynamics mimics a cosmological constant behavior, where the matter content of the Universe is negligible in terms of density parameters. These cosmological solutions represent critical points which are nonhyperbolic due to the existence of one zero eigenvalue in all of the cases. The rest of the eigenvalues denoted as [Γ 6, 7, 8 , ∆ 6,7,8 , Θ 6,7,8 ] have cumbersome expressions and are not displayed in the manuscript. Due to these reasons, we have analyzed the dynamical features of the corresponding points by considering numerical estimations, displaying different regions which are connected to a saddle dynamical behavior in Figs. 4-6 , for specific values of the coupling parameters and constants.
The last class is represented by the P 4 critical point where the kinetic energy of the scalar field and the potential energy are affecting the location in the phase space structure. The matter density parameter is equal to zero, denoting the full domination of the geometrical dark energy density parameter over the matter sector. The effective equation of state is sensitive to the potential energy strength encoded into the λ parameter and the sign of the kinetic energy expressed into the constant. This solution represents a viable epoch which can explain the accelerated expansion of the Universe and the non-negligible deviation from the ΛCDM behavior. The evolution towards P 4 critical point is presented in Figs. 1-2 . In Table II we have obtained specific conditions for the stability of this solution. It can be seen that from a dynamical point of view the stability conditions are affected by the type of the kinetic energy, the potential energy strength and the value of the φ 0 parameter, associated to the string inspired coupling. The deviation from the ΛCDM model is represented in Fig. 3 by using the statefinder analysis. In these figure the initial conditions are fined tuned in order to obtain the value Ω m = 0.31 at the present time. In the figures, the black dot represents the ΛCDM cosmological epoch, while the red one presents the final value of the statefinder parameters corresponding to the P 4 solution. Finally, in the graphs the blue dot marks the late time values of the statefinder parameters {r, s, q}. We can note that the presented numerical solution have a non-negligible deviation from the ΛCDM cosmological epoch at late times. In Fig. 7 we have represented the evolution of the effective equation of state in this model from an initial stage corresponding to a super-stiff fluid scenario. It is observed that the total equation of state has a de-Sitter behavior at the final times, crossing the phantom divide line in the late time evolution.
IV. NUMERICAL FEATURES OF THE MODEL

A. Torsion coupling with scalar field
In the following we shall consider a specific model which takes into account only the torsion coupling for the scalar field:
Considering that the potential energy is represented as an exponential function described in the Eq. (31), we get the following form for the energy density and pressure of the scalar field,
Then, the Klein-Gordon equation becomes,
By varying the value of we can study the numerical features of the cosmological model both for the canonical ( = 1) and phantom ( = −1) scalar fields. Due to simplicity we shall consider only the quintessence case, where = +1. We can further define the dark energy equation of state as given by:
Next, we will use the following expression for the Friedmann acceleration equation,
taking into account the following values which characterize the present time, Ω m0 ∼ 1 − Ω de ∼ 0.30, t 0 ∼ 0.96, H 0 ∼ a 0 ∼ 1. Moreover, in order to simplify the evolutionary aspects, we shall consider that at the initial stage we can describe the evolution of the scale factor with the following relation
a relation specific for a matter dominated epoch by neglecting any coupling function of the scalar field. This method has been used in a variety of recent papers, see for examples Refs. [49, 69, 70] . The results of our analysis are displayed in Fig. 8, where we have displayed a possible evolution for the dark energy equation of state w de in terms of the cosmic scale factor a, considering the fine-tuning for the initial conditions. We have also presented the evolution of the total equation of state from deep into the matter era. The figure shows that at the beginning of the matter dominated epoch the scalar field model evolves near the cosmological constant, while at late times the evolution corresponds to a quintessence regime. In this section we consider a specific model by taking into account only the boundary coupling for the scalar field, where:
Hence we get the following form for the energy density and pressure of the scalar field,
In this case the The Klein-Gordon equation becomes,
In Fig. 9 we have displayed a possible evolution for the equations of state described by w de , w eff in terms of the cosmic scale factor, considering the fine-tuning for the initial conditions. The figure shows the crossing of the phantom divide line at the beginning of the evolution, near the matter dominated epoch. At late times the model mimics an evolution near the phantom divide line, acting as a cosmological constant, a cosmological model having reduced variations near the specific boundary. In this case we consider the model where
described by the following energy density and pressure of the scalar field,
Then, the Klein-Gordon equation becomes, In Fig. 10 we have displayed a possible evolution for the total effective equation of state in terms of the cosmic scale factor, considering the fine-tuning of the initial conditions. The figure shows the evolution from the matter dominated epoch towards a dark era where the effective equation of state have a variation near the cosmological constant boundary. In this specific case, the evolution of the scalar corresponds to a quintessence regime, attaining the de-Sitter behavior asymptotically at late times. Here we consider the model characterized by the following values of the coupling functions:
obtaining the following expressions for the energy density and pressure of the scalar field,
In this case the evolution of the scalar field is described by the Klein-Gordon equation which becomes
Lastly, in Fig. 11 we have presented a specific evolution for the total effective equation of state in terms of the cosmic scale factor. The figure also shows the evolution of the dark energy equation of state in the case of a quintessence model coupled to the Gauss-Bonnet T G4 term. As in the previous cases, the dynamics starts deep in the matter era, evolving towards an epoch characterized by the domination of the scalar field, acting asymptotically as a cosmological constant at late times.
V. SUMMARY AND CONCLUSIONS
In this paper we have studied a generic theory of gravitation in the framework of teleparallel alternative to general relativity. In this case we have proposed an action based on a general functional which encodes dynamical effects from various invariant terms, including the torsion and boundary terms, as well as the Gauss-Bonnet terms corresponding to the teleparalel gravity framework. After deducing the field equations in a dynamical background corresponding to the FLRW cosmological model, we have obtained the specific form of the modified Friedmann relations for this type of tetrad which reduces the antisymmetric part of the resulting field equations to zero. After encoding the corresponding exponential dependence of the coupling functions specific to string inspired actions, we have analyzed also the physical features of the cosmological model by performing different analytical and numerical techniques.
For the analytical investigation we have used the linear stability methods, transforming the evolution equations to an autonomous system of differential equations, by assuming the corresponding dimensionless variables. In this case the dimension of the phase space reduces to four independent variable due to the Friedmann constrain equations. For an exponential potential function and string inspired couplings we have determined the structure of the phase space and the location of the corresponding critical points involved, as well as the existence conditions and the resulting dynamical features. From a physical point of view we have obtained four classes of cosmological solutions. The first cosmological solutions corresponds to a matter dominated epoch, a transient era with a saddle dynamical behavior, independent to the values of the coupling parameters and constants. The second cosmological solutions are represented by stiff-fluid solutions which are not interesting from an astrophysical point of view. The third case is associated to a de-Sitter epoch, where the effective equation of state evolves as a cosmological constant, an era which can explain the accelerated expansion of the current Universe. Lastly, the remaining class of dynamical solutions is represented by an epoch where the resulting effective equation of state is sensitive to the values of some of parameters, representing a possible era which might be associated to an accelerated expansion in some specific cases. Hence, for the specific stringy case the dynamical investigation shows that the phase space is rich in dynamical solutions and physically viable at the level of background dynamics. From the analytical point of view we have obtained relations that constrain the model, which can be complemented by an observational data analysis in a future work. Such an analysis will give numerical bounds to the model parameters using the recent cosmological data. Finally it should be stated that this toy model of universe is a highly generic one with lots of parameters to play around. This is the striking feature of the model. We believe that by proper fine tuning we should be able to realize any desired cosmological scenario. Here we have kept it in its most general form without considering any particular model of interest. Such sub-models can be studied in future works to understand the efficiency of this model to represent the universe.
As a final approach, we have studied four particular models using a numerical approach. In all of these models, we have assumed an exponential type of coupling, which is inspired by the string-curvature based action. By fine-tunning of the initial conditions, we have found that in all of these models, it is possible to generically describe the evolution of the observed Universe, starting form a matter dominated era and then, passing through a accelerated expansion of the Universe with the scalar field coupled with either the torsion scalar, the boundary term, or the Gauss-Bonnet invariants.
To conclude our paper, let us briefly describe some properties regarding our theory. The action (6) contains a function which depends on 10 scalars that can be mapped to different modified theories of gravity. This theory can be seen as a generalisation of the theory studied in [43] by including a scalar field, a kinetic term and also decomposing the Teleparallel Gauss-Bonnet term in all its possible decomposition. The main motivation to study such a theory is related to the well-known low-energy effective string theory theory (which relies on a manifold with curvature and zero torsion -Levi-Civita connection), which has the following action [15, 71] ,
which also contains higher order string corrections. In our case we worked in D = 4 and the above action can be recovered by setting the function f as (18) with the coupling functions being of the form (28) , and then choosing c 1 = c 2 = 0 and c 3 = c 4 = c. Clearly, the Teleparallel version that we studied in this paper is more general than the above action. It should be noted that since it is is possible to write down an equivalent version of the stringy effective action, one can conjecture that string theory might be formulated using Teleparallel theory from the very beginning. Furthermore, due to the nature of the torsion tensor containing only up to first derivatives of the tetrad, the string Teleparallel effective action would have more terms than the standard one. Then, this theory might be even richer in this framework. To the best of our knowledge, this has not been studied in full detail in Teleparallel gravity. The above action has more higher terms, and the next one can be written as 
where bar denotes that the quantities are computed with respect to the Levi-Civita connection. The analogue version of the above term has not been derived in Teleparallel yet, but as the standard Gauss-Bonnet term appears in the Teleparallel string action, it is obvious to believe that this term also would appear when one considers a string Teleparallel effective approach. This term can be transform into the Teleparallel language by replacing the Riemannian curvatureR 
which is the equivalent Teleparallel Lagrangian of the second string correction action (66) . For the term which is contracted with the Levi-Civita symbol, we have used that the contortion is antisymmetric in its last two indices, hence, no covariant derivative contributions of the contortion tensor appears there. Further higher other corrections such as L
c , L (4) c , .. will then also appear in a Teleparallel string effective action, and it might be expected that these corrections will contain the standardL (3) c ,L (4) c , .. higher corrections based on the standard effective string theory. As a future work, it would be interesting to find out the correct and complete Teleparallel effective string action that would contain both the Gauss-Bonnet contribution studied in this paper, the second order contribution written above and further more terms that do not appear in the standard curvature based string effective action.
It would be interesting to consider the action (6) without a scalar field and only with linear terms on all geometrical invariants. In fact this is analog of L =R/(2κ 2 ) +G term but in our case we have several torsion analogs of the Gauss-Bonnet term. Generally speaking for such theory onlyR (or its torsion equivalent T ) gives the contribution to the field equations due to fact that higher-order terms are topological invariants. However, if these terms are multiplied by coupling constants c i and these coupling constants are re-scaled as c i /(D − 4) in the limit from D → 4 of such torsional theory with linear topological invariants, we expect to find qualitatively novel rich black hole dynamics as it was just shown forR/(2κ 2 ) + αG/(D − 4) theory in [72] . This is due to fact that in the D → 4 limit with singular rescaling of coupling constants of topological invariants, they give non-trivial contribution to the field equations. This will be considered elsewhere.
